Abstract. In this work we study relations between regularity of invariant foliations and Lyapunov exponents of partially hyperbolic diffeomorphisms. We suggest a new regularity condition for foliations in terms of desintegration of Lebesgue measure which can be considered as a criterium for rigidity of Lyapunov exponents.
Introduction
In this paper we address the regularity of invariant foliations of partially hyperbolic dynamics and its relations to Lyapunov exponents and rigidity. We suggest a new regularity condition (Uniform Bounded Density property) for foliations which is defined in terms of desintegration of Lebesgue measure along the leaves of the foliation. In principle it can be compared with the absolute continuity of foliations. However, for (un)stable foliations of partially hyperbolic diffeomorphisms the works of Pesin-Sinai [18] , Ledrappier [15] shed light on the subject and it turns out that for these foliations our condition impose a kind of regularity much stronger than absolute continuity. However, we believe that exploiting this regularity condition can be considered as a geometric measure theoretical criterium for the rigidity of partially hyperbolic dynamics.
From now on, we shall consider a smooth measure m (Lebesgue measure) on , respectively stable and unstable bundle, are uniquely integrable to foliations F s and F u (See [14] ). In general case, E c is not integrable. However for absolute partially hyperbolic diffeomorphisms on T 3 the center bundle is integrable [5] .
1.1. Regularity of foliations. Roughly speaking, a foliation is an equivalence relation on a manifold such that the equivalence classes (the leaves) are connected immersed sub manifolds. For dynamical invariant foliations, although typically the leaves enjoy a high degree of regularity they are not stacked up in a smooth fashion. To define the different regularity conditions we need foliated charts. For instance a codimension−m foliation is C r if there exist a covering of the manifold by C r charts φ : U → R n × R m such that each plaque is sent into the hyperplane R n × {φ(p)}. For a C r −partially hyperbolic diffeomorphism the invariant foliations F s and F u typically are at most Hölder continuous with C r leaves. An important feature of stable and unstable foliations of partially hyperbolic diffeomorphism is their "absolute continuity" property. In smooth ergodic theory, absolute continuity of foliations has been used by Anosov to prove the ergodicity of Anosov diffeomorphisms. One of the weakest definitions (leafwise absolute continuity) is sufficient to prove the ergodicity of Anosov diffeomorphisms. See [20] for other definitions and state of art of absolute continuity of foliations.
Consider F a foliation over M. Denote by m the riemannian measure over M; and λ F x ; the riemannian measure over F x ; the leaf through x ∈ M. There is a unique desintegration [{m F x }] of m along the leaves of the foliation. [{m F x }] are equivalent class of measures up to scaling. In a foliation chart U ⊂ M; denote m F x ; the probability measure which comes from the Rokhlin desintegration of m restricted to U. In what follows we use the unique notation m F x (B) to denote the desintegration of the plaque inside foliated box B, which is a probability measure. A 
Locally, it is equivalent to
In general setting it is not easy to understand the desintegration [{m is an interesting object to be studied. This motivated us to introduce new regularity condition. We show that, if we assume m F x is "universally proportional" to λ F x , for almost everywhere x ∈ M, independent of the size of F x ∩ U then many rigidity results hold. To begin we need to work with long foliated boxes: Another example of foliations with U.B.D property is the case of central foliation of ergodic partially hyperbolic diffeomorphisms on M 3 whenever it is absolutely continuous and the leaves are circles. Indeed as the length of central leaves are uniformly bounded (See [8] and [10] for general statements.)the U.B.D property is equivalent to leafwise absolute continuity. A recent result of Avila-Viana-Wilkinson [1] establishes that absolute continuity of central foliation in this setting implies C ∞ regularity. We hope that U.B.D property of central foliations in general, may imply its differentiability.
Lyapunov exponents are important constants for measuring the assymptotic behaviour of dynamics in the tangent space level. Let f : M → M be a measure preserving C 1 −diffeomorphism. Then by Oseldets' Theorem for almost every x ∈ M and any v ∈ T x (M) the following limit exists
and is equal to one of the Lyapunov exponents of the orbit of x. For a conservative partially hyperbolic diffeomorphism of T 3 which is the main object of the study in this paper, we get a full Lebesgue measure subset R such that for each x ∈ R :
where σ ∈ {s, c, u} and v σ ∈ E σ . Every diffeomorphism of the torus f : T n → T n induces an automorphism of the fundamental group and there exists a unique linear diffeomorphism f * which induces the same automorphism on π 1 (T n ). f * is called the linearization of f and in this paper we study the relations between Lyapunov exponents of f and its linearization in the partially hyperbolic setting.
Statement of Results and Questions
First we prove that the uniform bounded density is a criterium for the rigidity of Lyapunov exponents in the context of partially hyperbolic diffeomorphisms of T 3 . 
Remark 2.2. In the above theorem if we just assume the U.B.D property of one of the foliations F s or F u , we conclude the rigidity of the corresponding Lyapunov exponent. In the above theorem the rigidity of central Lyapunov exponent is just a corollary of volume preserving property of f. However, the same rigidity for central foliation also holds if we assume F c has U.B.D property. As we do not have a good description for the desintegration along the central leaves, the proof for the central exponent rigidity is different from the stable and unstable foliation cases and it appears in the proof of theorem 2.6.
The above result show that U.B.D property imposes restrictions on the dynamics in the level of Lyapunov exponents. We conjecture that U.B.D property is equivalent to C 1 conjugacy with linear automorphisms. For Anosov diffeomorphisms we can check this conjecture. The above theorems assume U.B.D property and conclude some rigidity of Lyapunov exponents. We should mention that even leafwise absolute continuity imposes some restrictions on the Lyapunov exponents, as we see in the following theorem. Recall that stable and unstable foliation of any C 2 − partially hyperbolic diffeomorphism are leafwise absolutely continuous ( [6] ).
Theorem 2.4. Let f be a C
2 conservative partially hyperbolic diffeomorphism on the 3−torus and A its linearization then
Similar to the statement of the above theorem appears in [21] and proved in [22] for f C 1 -close to A. In [22] , the authors need unique homological data for the strong unstable foliation and they prove that it is the case when f is closed to its linearization.
Corollary 2.5. Any conservative linear partially hyperbolic diffeomorphism is a local maximum point for
f → λ u ( f )dm.
Analogously any conservative linear partially hyperbolic diffeomorphism is a local
Problem 1. Classify the local maximum points of unstable Lyapunov exponent. Are these diffeomorphisms C 1 conjugated to linear?
Another interesting issue in the setting of partially hyperbolic diffeomorphisms is the characterization of topological type of central leaves. It is clear that for a general partially hyperbolic diffeomorhism (general 3−manifolds) with one dimensional central bundle, the leaves of central foliation may be circles, line or both of them (consider suspension of an Anosov diffeomorphism of T 2 ). However by Hammerlindl's result [12] , central leaves of a partially hyperbolic diffeomorphism on T 3 are homeomorphic to central leaves of its linearization and consequently all the leaves have the same topological type. A very natural question is that In general setting, this question has been answered negatively in [19] . We would like to mention that by a recent result of Hammerlindl and Ures, a non-ergodic derived from Anosov diffeomorphism on T 3 , if exists, will have zero central Lyapunov exponent and non-compact central leaves. It is interesting to know whether exists example of such partially hyperbolic non-ergodic diffeomorphisms on torus.
Assuming U.B.D property of central foliation we get the following theorem which gives an affirmative answer to the above question. 
We do not know whether the above theorem holds just assuming leafwise absolute continuity.
Preliminaries
In this section we review some definitions and known results about partially hyperbolic diffeomorphisms on T 3 .
3.1.
Partially hyperbolic diffeomorphisms on T 3 . In the rest of the preliminaries section we will recall some nice topological properties of invariant foliations of partially hyperbolic diffeomorphisms on 3-torus. One of the key properties of the invariant foliations of partially hyperbolic diffeomorphisms in 3-torus is their quasi-isometric property. Quasi isometric foliation W of R d means that the leaves do not fold back on themselves much. 
Definition 3.1. A foliation W is quasi-isometric if there exist positive constant Q such that for all x, y in a common leaf of W we have
and the convergence is uniform.
Proposition 3.4 ([12]
). Let f : T 3 → T 3 be a partially hyperbolic diffeomorphism and A : T 3 → T 3 the linearization of f then for each k ∈ Z and C > 1 there is an M > 0 such that for x, y,
More generally, for each k ∈ Z, C > 1, and linear map π :
Theorem 3.5 ([12]). Every partially hyperbolic diffeomorphism of the 3-torus is leaf conjugated to its linearization, by a homeomorphism h. Furthermore h restricted to each center leaf is bi-Lipschitz and denoting h a lift of h in R 3 one has that
The above theorem and propositions has the following corollaries which is useful in the rest of the paper. 
where the vector v = v E A is a unitary eigenvalue of A, in the E A direction and e M is a correction vector that converges to zero uniformly as M goes to infinity.
So, considering µ the eigenvalue of A in the E A direction
Since N is fixed, we can choose M > 0, such that
and the lemma is proved.
Another important fact is that the central holonomy inside center-unstable leaves of partially hyperbolic diffeomorphisms of T 3 is Lipschitz for distant points on the unstable leaves. 
For the sake of completeness we prove the above proposition in the appendix. Observe that the Lipschitz constant claimed in the proposition does not depend on the distance (on central leaf) between x and h c (x). Finally, we recall a rigidity result in the context of Anosov diffeomorphisms. Let f and g be topologically conjugate Anosov diffeomorphisms,
We say that the periodic data of f and g coincide if for every periodic point 
Then the conjugacy h is C
1+θ for some θ > 0.
Technical Rigidity Results and proof of Theorem 2.1
In this section we prove some technical rigidity results for Lyapunov exponents which will be used in the proofs of the main theorems. In particular we prove Theorem 2.1.
Let us concentrate on volume prserving partially hyperbolic diffeomorphisms of T 3 . One important result which appears in the works of Pesin-Sinai and Ledrappier (see [15] and [18] ) is the exact formula for the desintegration of the Lebesgue measure along unstable manifolds (even in the Pesin theory setting): Take ξ be a measurable partition subordinated to the unstable foliation. For y ∈ ξ(x) define
After normalizing ρ(y) := 
Proof. Taking logarithm, as α−Hölder continuity of unstable bundle and
where λ − comes from the definition of partial hyperbolicity. This completes the proof of the lemma. 
Moreover, for any n ∈ N :
Proof. By definition of uniform bounded density (1.3) it comes out that ρ(y 2 )
. Abusing the notations for simplicity, we substitute K 2 by K and conclude the first claim of the lemma.
We can suppose that the points x satisfying (4.2) belong to an invariant set. So changing x to f n (x) we have In stable case, we take f −1 and apply (4.1) in the E s f
From now on we use the notation
) is bounded from below and above by constants just depending on f. Now we state two technical propositions which guarantee the constancy of unstable periodic data and rigidity of Lyapunov exponents and are key to the proof of the main results.
Proposition 4.3. Let f be a partially hyperbolic diffeomorphism of T 3 . Suppose that for any x in an invariant full measure set and any y
where A is the linearization of f and σ ∈ {s, u}. 
then the σ−periodic data is constant for σ ∈ {s, u}, i.e all the periodic points have the same Lyapunov exponent in the E σ −direction. 
Proof of Proposition 4.3.
Take any σ ∈ {s, u} and suppose that
A } has positive volume. Let ε > 0 be a small number and define
Take n large enough such that m(A n ) > 0 and Qe
where Q be as in definition (3.1) of quasi-isometric foliations (We know that stable, unstable and central foliations of partially hyperbolic diffeomorphisms in T 3 are quasi-isometric.) and the constant K is such that
Similar to (4.3) we get
for any n ∈ N. Using proposition 3.4 and lemma 3.6, choose M > 0 such that for any y ∈ F
Take any regular point x ∈ A n . By definition we have J σ f n (x) > e n(λ σ A +ǫ) and by (4.6) we get
which gives a contradiction.
} has zero volume. In the same way, considering f −1 , it comes out that
Proof of Proposition 4.4.
Proof. Suppose that there are periodic points p, q, such that λ σ (p) > λ σ (q). Without lost of generality, suppose that p, q are fixed points for f and fix δ > 0 such that λ σ (p) > λ σ (q) + δ. By hypothesis there exists K > 1 such that
Choose small ǫ > 0 such that 1−ǫ 1+ǫ e δ > 1 and then n big enough such that
Now take x, y close to p and q such that
By 4.10 and 4.11 we get
and so
which is a contradiction with the hypothesis.
U.B.D. Property and Rigidity for Anosov Diffeomorphisms
In this section we prove theorem 2.3.
Proof. We divide the proof into two steps where in the first step we prove constancy of the unstable periodic data and in the second one we deal with the central periodic data. The proof of the second step takes almost all of this section.
If 
Proof. By proposition 3.7 central holonomy is bi-Lipschitz for distant points. But the constancy of unstable Lyapunov exponent on all periodic points implies that in fact the holonomy is bi-Lipshitz. The proof appears in Gogolev result and we just recall it here. Take y ∈ F (z) as used in [9] .
d u (x, y) Now using Livschitz we conclude that J u f is cohomologous to a constant function and the transfer function is continuous and consequently
) is bounded. By the choice of n and proposition 3.7 the left hand side of the above equality is also bounded. So we conclude that 
and in particular all periodic points of f have the same central Lyapunov exponent.
Proof. (of lemma) Consider y = h(x) (see figure 1.) and take ε > 0 such that
The Lebesgue measure of center-unstable leaf λ F cu desintegrate to conditional measures on central leaves which are absolutely continuous with respect to λ F c (.) andλ F cu is the quotient measure: Figure 1 . Central holonomy inside center-unstable leaf
We know that ( [18] ) for
As z, h(z) belongs respectively to the local unstable leaf of x and y and the center holonomies are uniform bi-Lispchitz, we have
in 5.1 and using 5.2, 5.3 we have
Finally observe that t 1 , t 2 belong to local central leaf of z 1 and h(z 1 ). As central leaf is the weak unstable foliation we again use lemma 4.1 to conclude that both ∆ c (z, t 1 ) and ∆(h(z), t 2 ) are close to one. This implies that
As ǫ is small the Lebesgue measure of R i is compared with the product of base and length and consequently the above relation shows that ∆ c (x, y) is compared with the Lipschitz constant of the central holonomy. 
for every periodic point p of f. So, f and A have the same periodic data, up to change of f by f 2 . Using [11] , f is C 1+θ conjugated to A, for some positive θ. Proof. We prove the statement on λ u ( f, ·). Suppose by contradiction that there is a positive set Z ∈ T 3 , such that, for every x ∈ Z we have λ u ( f, x) > λ u (A). Since f is C 2 , the unstable foliation F u for f is upper absolutely continuous, in particular there is a positive set B such that for every point x ∈ B we have 
A ||y − x||. Inductively, we assume that for n ≥ 1 we have
A for any k ≥ n}. We have m(Z) > 0 and A n ↑ Z. Consider a big n and α n > 0 such that
. Note that when n increases to infinity the proportion α n converges to
We can assume with lost generality α n > α 0 > 0 for any n > 1. Then The inequalities (6.2) and (6.5) give a contradiction. We conclude that λ u ( f, x) ≤ λ u (A), for almost everywhere x ∈ T 3 . Considering the inverse f −1 we conclude that λ s (A) ≤ λ s ( f, x) for almost every x ∈ T 3 .
The above arguments also can be used to prove similar statements for absolutely continuous central foliations of Anosov diffeomorphisms.
Consider the triangles △ n , with vertices on x n , z n , y n . Consider on each vertice the respective angles x n , y n , z n . Note that ||x n − y n || → +∞ by quasi isometry of the foliation F u . Triangular inequality implies ||x n − z n || + ||y n − z n || ≥ ||x n − y n || and since ||x n − z n || is bounded consequently ||y n − z n || → +∞.
We have ||x n − y n ||, ||y n − z n || → +∞, by proposition 3.3 we have y n converges to θ = ∠(E 
